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Two-loop Loewner potentials
and CFT partition functions
Sid Maibach

Loewner potentials

• The Loewner potential HΣ(γ⃗) is a conformally invariant
action functional for measures on simple curves or loops in
a Riemann surface Σ. For loops ε-close to given γ⃗ and η⃗:

lim
ε→0

µc
Σ(Oε(γ⃗))

µc
Σ(Oε(ξ⃗))

= e
c
2(HΣ(γ⃗)−HΣ(ξ⃗)).

• The most general definition is as a ratio of zeta-regularized
determinants of Laplacians [PW23]:

HΣ(γ⃗) = log
detζ ∆g|Σ∏

A∈π0(Σ\γ⃗)
detζ ∆g|A

• For a single loop in the Riemann sphere, the measure is the
Schramm-Loewner evolution (SLE) loop measure [Zha21].
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• Our results express the two-loop case in terms of normalized
Brownian loop measure or pre-Schwarzian derivatives:

HĈ(γ1, γ2) = HĈ(γ1) + HĈ(γ2) + Λ∗(γ1, γ2) + (const.)

= HĈ(e−2πτS1, S1) − 1
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( ∫
e−2πτD

|A[f1]|2 |dz|2 +
∫
Aτ

|A[fA]|2 |dz|2 +
∫
D∗

|A[f2]|2 |dz|2
)

Problem: No lower bound

1. Fixing the modulus τ of the annulus between the two loops,
minimizers of HĈ(γ1, γ2) are given by pairs of circles.

2. Minimizing among all circles, we find that

HĈ(e−2πτS1, S1) → −∞,

as τ → ∞ (the circles move further apart).

Solution: Annulus partition functions

• HĈ(γ1, γ2) and HZ
Ĉ(γ1, γ2) differ by a function of τ .

• A minimizing configuration exists if and only if

e− π
3 cτZdzdz̄(Aτ)

has a global minimum τ ∈ (0, ∞).

• Question: For which CFT does this hold?

Interfaces in conformal field theory

Critical Ising model with two interfaces ±1 highlighted.

• The loops γ1 and γ2 are supposed to appear as interfaces
in configurations of a fixed (2D, Euclidean) conformal field
theory (CFT).

• For example, consider the scaling limit of a statistical
mechanics model with states σ, local energy functional S(σ),
and critical temperature β.

• Heuristically, the probability of γ1 and γ2 being interfaces is

∑
σ such that

γ1, γ2 are interfaces

e−βS(σ)

Z(Ĉ)
=

∑
σ|D1 , σ|A, σ|D2

satisfying
boundary conditions

e−β(S(σ|D1)+S(σ|A)+S(σ|D2))

Z(Ĉ)

= Z(D1)Z(A)Z(D2)
Z(Ĉ)

.

The partition functions come with boundary conditions as
in Cardy’s work on bCFT [Car08].

• This suggests to generalize the Loewner potential as

HZ
Ĉ(γ1, γ2) = 2

c
log Zg(D1)Zg(A)Zg(D2)

Zg(Ĉ)
.

We also derive this geometrically from the real determinant
line bundle as defined in [KS07].
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